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Abstract—The directional mechanical impedance of the
human ankle was identified from subjects in a standing posture
with varying levels of muscle activity. The impedance modeled
the different torque responses to angle perturbations about
different axes of rotation. This work proposed a novel
impedance model that incorporated the coupling between
multiple degrees of freedom of the ankle and was validated
theoretically and experimentally. The reconstructed torque had
an average variance accounted above 94% across twelve
subjects. In addition, the impedance varied between and within
trials and this variation was explained by changes in the ankle
states, i.e., the ankle angle, torque, and muscle activities. These
results have implications in the design of new prostheses
controllers and the understanding of the human ankle function.

I. INTRODUCTION
Advancements in the design and control of powered
prostheses can improve the quality of life for amputees. The
use of lower extremity powered prostheses has been shown to
reduce the metabolic cost during walking, and improve
symmetry of gait and overall mobility of transtibial amputees
[1]. Many of these devices inject energy during the stance
phase of the gait cycle and have one or two degrees of freedom
(DOF) [2]. One of the main challenges with such powered
ankle-foot prostheses is to find the most efficient and
preferably anthropomorphic ways to be controlled. Currently,
these technologies do not incorporate most of the
physiological and neuromuscular characteristics of an
unimpaired ankle, which can hinder the user’s mobility and
lead to secondary injuries caused by an overcompensation of
other joints [3].
One approach to address this challenge is to understand
the physiological and neuromuscular characteristics from an
unimpaired ankle, such as how the ankle angle, torque, or
mechanical impedance modulate as a function of the
contributing muscle activities. Several research groups have
quantified the kinematic characteristics of the ankle across
different phases of the gait cycle [4], [5], and for different gait
speeds and inclinations [6]. However, most works focused on
the sagittal plane.
Furthermore, the mechanical impedance of the ankle has
been shown to depend on the direction of the ankle rotation
[7]–[9], and respond nonlinearly to changes of muscle
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contraction [10]–[12], of mean ankle torque [13], [14], and of
mean ankle angle [15], [16]. Quantifying how the ankle
impedance and neuromuscular activity vary across different
tasks could potentially lead to improved prostheses control.
The use of electromyography (EMG) signals could
improve prostheses control by understanding the user’s
intention before performing a specific task. Preliminary work
by our group used a similar dataset determined that up to 40%
of the data showed a significant linear correlation between the
ankle impedance and muscle activation level [17].
Additionally, the authors previously studied the feasibility of
developing a generalized model by exploring various ankle
impedance estimation methods, EMG feature extraction
techniques, and regression algorithms [10], [18]. However,
these works did not account for the impedance dependence to
the ankle angle and torque.
The goal of this study is to use regression techniques to
investigate the relationship between the directional ankle
impedance and lower extremity muscle activation levels. The
novel approach presented in this paper identifies the
directional ankle impedance based on a mathematical model
and explains the impedance variation between and within trials
by correlating the impedance with variations of ankle angle,
torque, and muscle contraction.
II. METHODS
A. Experimental Setup
Twelve male subjects participated in this experiment and
self-reported to have no neuromuscular or biomechanical
disorders. All subjects provided written consent to participate
in the study, as approved by the Institutional Review Board.
The average age, mass, and height of the subjects were 27.9 ±
3.5 years, 92.3 ± 27.6 kg, and 180.3 ± 6.7 cm, respectively.
The experimental setup, as shown in Figure 1, was designed
to estimate the anisotropic mechanical impedance of the ankle
and the corresponding muscle activity of the lower extremity.
A previously developed instrumented Vibrating Platform was
selected for its ability to apply torque perturbations to the ankle
about all axes within the sagittal and frontal planes [19]. This
platform consisted of a 2-DOF Vibrating Platform, a force
plate module (Kistler - 9260AA), and a motion capture camera
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system (OptiTrack Prime 17W), containing eight cameras.
Together, the force plate and motion capture cameras
measured the resulting ground reaction forces, ground reaction
torques, and motion of the shin, foot, and platform as
perturbations were applied. A sampling rate of 350 Hz was
selected for both systems.
Additionally, the lower extremity muscle activity was
recorded using wireless EMG sensors (Delsys Trigno Wireless
System), which were placed on tibialis anterior (TA), peroneus
longus (PL), soleus (SOL), and gastrocnemius (GA). The
measurements were sampled at 2000 Hz.
A) Heading H1

B) Heading H2

as a function of the force plate kinematics and inertial
parameters; 2) a calibration trial was performed in which the
Vibrating Platform was actuated (without human subjects); 3)
the inertial parameters of the force plate were estimated using
the equation of motion and the experimental data, and finally
4) the inertial effects of the apparatus were compensated for
human experiments.
A coordinate frame, {𝑃𝑃}, is defined at the center of the force
plate’s top surface, with axes directions shown in Fig. 1. The
measured forces and torques are taken with respect to this
frame. The translational and rotational equations of motion
were calculated from the linear momentum, 𝒑𝒑𝑃𝑃 , and angular
momentum, 𝑳𝑳𝑃𝑃 , around the {𝑃𝑃} origin, respectively:
� 𝑭𝑭 =
𝑃𝑃

𝑑𝑑𝒑𝒑𝑃𝑃
𝑑𝑑𝑑𝑑

(1)

𝑑𝑑�𝑚𝑚𝑃𝑃 𝒔𝒔̇ 𝑃𝑃0 �
𝑑𝑑𝑑𝑑
𝑭𝑭𝑃𝑃 = 𝑚𝑚𝑃𝑃 (𝒔𝒔̈ 𝑃𝑃0 − 𝒈𝒈)

𝑭𝑭𝑃𝑃 + 𝑚𝑚𝑃𝑃 𝒈𝒈 =

� 𝝉𝝉 =
𝑃𝑃

𝑑𝑑�𝐼𝐼𝑃𝑃 𝝎𝝎𝑃𝑃 + 𝒓𝒓𝑃𝑃 × 𝑚𝑚𝑃𝑃 𝒔𝒔̇ 𝑃𝑃0 �
𝑑𝑑𝑑𝑑
𝝉𝝉𝑃𝑃 = 𝐼𝐼𝑃𝑃 𝝎𝝎̇𝑃𝑃 + 𝝎𝝎𝑃𝑃 × (𝐼𝐼𝑃𝑃 𝝎𝝎𝑃𝑃 )
+𝒓𝒓𝑃𝑃 × 𝑚𝑚𝑃𝑃 �𝒔𝒔̈ 𝑃𝑃0 − 𝒈𝒈� + (𝝎𝝎𝑃𝑃 × 𝒓𝒓𝑃𝑃 ) × 𝑚𝑚𝑃𝑃 𝒔𝒔̇ 𝑃𝑃

Fig. 1. Experimental setup while the subject stood in two heading
positions. The Vibrating Platform, force plate module, motion capture
camera reflective markers, and EMG sensors are shown.

B. Experimental Protocol
First, the maximum voluntary contractions (MVC) of the
subject’s muscles were determined while in a standing posture.
The subject maximally co-contracted the instrumented
muscles for a one-second burst and repeated the burst
approximately ten times. The highest voltage achieved by the
TA muscle was selected as the MVC reference throughout the
remainder of the experiment.
Next, a total of 10 trials were performed, each of which had
a duration of 70 seconds. The subjects stood with legs
shoulder-width apart, with their right foot placed on the
vibrating force plate. The Vibrating Platform applied random
torque perturbations around the X and Z axes shown in Fig. 1
(uniform distribution across actuation range) at a 30 Hz update
rate. Using real-time feedback of the EMG sensors on a
monitor, the subjects maintained their TA muscle activity to
be relaxed or co-contracted to 10%, 20%, 30%, or 40% MVC
for the duration of each trial, while the other muscles’ activities
were measured. The five trials were repeated twice while
standing with a heading along the X axis (Fig. 1.A) and along
the Z axis (Fig. 1.B) of the force plate coordinate system. All
trials and headings were performed in a randomly selected
order, and at least one minute of rest was considered between
trials to limit the effects of muscle fatigue.
C. Calibration of the Experimental Apparatus
The Vibrating Platform was designed to estimate the human
kinematics without the influence of the actuators’ dynamics.
However, the experimental measurements are influenced by
the inertial dynamics of the force plate, which is substantial
compared to the foot inertia. Therefore, these dynamics were
compensated on the measured forces and torques in the
following procedure: 1) the equation of motion was modeled

𝑑𝑑𝑳𝑳𝑃𝑃
𝑑𝑑𝑑𝑑

𝝉𝝉𝑃𝑃 + 𝒓𝒓𝑃𝑃 × 𝑚𝑚𝑃𝑃 𝒈𝒈 =

(2)

where the linear velocity and acceleration of the force plate
center of mass (CoM) are calculated, respectively, as

𝒔𝒔̇ 𝑃𝑃0 = 𝒔𝒔̇ 𝑃𝑃 + 𝝎𝝎𝑃𝑃 × 𝒓𝒓𝑃𝑃

𝒔𝒔̈ 𝑃𝑃0 = 𝒔𝒔̈ 𝑃𝑃 + 𝝎𝝎̇ 𝑃𝑃 × 𝒓𝒓𝑃𝑃 + 𝝎𝝎𝑃𝑃 × (𝝎𝝎𝑃𝑃 × 𝒓𝒓𝑃𝑃 )

(3)

and 𝑭𝑭𝑃𝑃 , 𝝉𝝉𝑃𝑃 , and 𝒈𝒈, are the measured force, measured torque,
and gravity vector, respectively. The kinematic variables 𝒔𝒔̇ 𝑃𝑃 ,
𝒔𝒔̈ 𝑃𝑃 , 𝝎𝝎𝑃𝑃 , and 𝝎𝝎̇𝑃𝑃 are the linear velocity, linear acceleration,
angular velocity, and angular acceleration of the force plate
frame, respectively. The inertial parameters 𝑚𝑚𝑃𝑃 , 𝒓𝒓𝑃𝑃 , and 𝐼𝐼𝑃𝑃 are
the mass, CoM vector, and moment of inertia tensor of the
force plate, respectively.
The set of unknown inertial parameters, 𝛽𝛽, of the force
plate was estimated by minimizing the cost function, 𝜀𝜀𝛽𝛽 , via a
nonlinear optimization method (MATLAB’s fmincon
function, interior-point algorithm [20]):

𝛽𝛽∗ ≜ argmin � 𝜀𝜀𝛽𝛽 [𝑡𝑡]𝑇𝑇 𝜀𝜀𝛽𝛽 [𝑡𝑡]
𝛽𝛽

𝑭𝑭𝑃𝑃 [𝑡𝑡] − 𝑭𝑭𝑃𝑃 [𝑡𝑡]

for 𝜀𝜀𝛽𝛽 [𝑡𝑡] ≜ �
(𝜷𝜷)

𝑡𝑡

(𝜷𝜷)
(𝜷𝜷)

𝝉𝝉𝑃𝑃 [𝑡𝑡] − 𝝉𝝉𝑃𝑃 [𝑡𝑡]

and 𝛽𝛽 ≜ {𝑚𝑚𝑃𝑃 , 𝒓𝒓𝑃𝑃 , 𝐼𝐼𝑃𝑃 },
(𝜷𝜷)

�

(4)

where 𝑭𝑭𝑃𝑃 and 𝝉𝝉𝑃𝑃 are the modeled force and torque
dependent on the inertial parameters (as shown in (1) and (2))
and the operator [𝑡𝑡] represents a measurement at time 𝑡𝑡. The
time derivatives were calculated with a Sarvitzky-Golay filter
[21] with a 15-sample window and a 5th order polynomial. This
filter approximates the signal within a moving window as a
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polynomial and calculates the time derivatives with noise
rejection.
Finally, the inertial effects of the force plate during the
experiments with the human subjects were determined and
subtracted from the measured forces and torques using (1) and
(2) with the force plate kinematics sampled during the human
trials and the estimated inertial parameters.
D. Directional Ankle Impedance
In this section, the ankle impedance was modeled as a
direction-dependent, three-dimensional variable. A foot
coordinate system, {𝐹𝐹}, is fixed on the foot, with an origin on
the ankle center, Y axis pointing upward and X axis pointing
in the anterior-posterior direction (aligned with the foot’s
major axis). The ankle angle is the foot orientation with respect
to the shank and is represented in the axis-angle notation

𝑞𝑞𝑥𝑥
𝑞𝑞
�
𝒒𝒒 = � 𝑦𝑦 � = 𝑞𝑞𝒗𝒗
𝑞𝑞𝑧𝑧

(5)

� is the axis of
where 𝑞𝑞 is the magnitude of rotation and 𝒗𝒗
rotation. Assuming the ankle rotations in dorsiflexionplantarflexion (DP, 𝑞𝑞𝑧𝑧 ) and inversion-eversion (IE, 𝑞𝑞𝑥𝑥 ) are
much larger than in external-internal (EI, 𝑞𝑞𝑦𝑦 ) since the
Vibrating Platform does not rotate along the Y axis.
Suppose the tendons, tissues, and cartilage elasticity around
the ankle act as infinitesimal angular springs along each
rotation direction, 𝜑𝜑, of the ankle. Because the stiffness of
these springs has an arbitrary value, it was represented as a
Fourier series with 𝜑𝜑 as the independent variable (𝜑𝜑 for the
dorsiflexion, inversion, plantarflexion, and eversion angles are
0°, 90°, 180°, and 270°, respectively).
∞

∞

𝑖𝑖=1

𝑖𝑖=1

1
𝑑𝑑𝑑𝑑(𝜑𝜑) = 𝐾𝐾0 + � 𝛼𝛼𝑖𝑖 cos(2𝑖𝑖𝑖𝑖) + � 𝛽𝛽𝑖𝑖 sin(2𝑖𝑖𝑖𝑖)
2

(7)

�(𝜑𝜑) = [𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0
𝒖𝒖

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐]𝑇𝑇

For an ankle rotation 𝒒𝒒 = [𝑞𝑞′𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0 𝑞𝑞′𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐]𝑇𝑇 with
magnitude 𝑞𝑞′ along direction 𝜑𝜑, the torque component
projected on the rotation plane is
𝐾𝐾𝑥𝑥 0 𝐾𝐾𝑥𝑥𝑥𝑥 𝑞𝑞′𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜏𝜏′𝐾𝐾 = [𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 0 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐] � 0 0 0 � � 0 �
𝐾𝐾𝑥𝑥𝑥𝑥 0 𝐾𝐾𝑧𝑧 𝑞𝑞′𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

The net ankle stiffness, 𝐾𝐾, along this plane of motion is the
slope of the angle-torque curve, thus, calculated as
𝐾𝐾(𝜑𝜑) =

The same anisotropic model applied in the stiffness
component modeling can be applied to the damping and inertia
components. The total ankle impedance response is
𝐾𝐾𝑥𝑥
̇
̈
(
)
𝝉𝝉𝑍𝑍 𝒒𝒒, 𝒒𝒒, 𝒒𝒒 = � 0
𝐾𝐾𝑥𝑥𝑥𝑥

𝐵𝐵𝑥𝑥
+� 0
𝐵𝐵𝑥𝑥𝑥𝑥

(8)

1

0
0
0

𝛽𝛽1
0 � 𝒒𝒒
𝐾𝐾0 + 𝛼𝛼1

𝐾𝐾𝑥𝑥 0 𝐾𝐾𝑥𝑥𝑥𝑥
𝝉𝝉𝐾𝐾 = � 0 0 0 � 𝒒𝒒
𝐾𝐾𝑥𝑥𝑥𝑥 0 𝐾𝐾𝑧𝑧
𝜋𝜋

𝐹𝐹

𝜋𝜋

𝑑𝑑𝑳𝑳𝐹𝐹
𝑑𝑑𝑑𝑑

𝑑𝑑(𝐼𝐼𝝎𝝎 + 𝒓𝒓 × 𝑚𝑚𝒔𝒔̇ 0 )
𝑑𝑑𝑑𝑑
(𝐼𝐼𝝎𝝎)
𝝉𝝉 = 𝐼𝐼𝝎𝝎̇ + 𝝎𝝎 ×
+ 𝒓𝒓 × 𝑚𝑚(𝒔𝒔̈ 0 − 𝒈𝒈)

𝝉𝝉 + 𝒓𝒓 × 𝑚𝑚𝒈𝒈 + 𝝉𝝉𝑍𝑍 (𝒒𝒒, 𝒒𝒒̇ , 𝒒𝒒̈ ) =

𝒔𝒔̇ 0 = 𝒔𝒔̇ + 𝝎𝝎 × 𝒓𝒓

2

(12)

(13)

where the linear velocity and acceleration of the foot CoM are
respectively calculated as

(9)

𝜋𝜋

0 𝐽𝐽𝑥𝑥𝑥𝑥
0 0 � 𝒒𝒒̈
0 𝐽𝐽𝑧𝑧

+(𝝎𝝎 × 𝒓𝒓) × 𝑚𝑚𝒔𝒔̇ + 𝝉𝝉𝑍𝑍 (𝒒𝒒, 𝒒𝒒̇ , 𝒒𝒒̈ )

changing variables to 𝐾𝐾𝑥𝑥 = (𝐾𝐾0 − 𝛼𝛼1 ), 𝐾𝐾𝑧𝑧 = (𝐾𝐾0 + 𝛼𝛼1 )
2

0 𝐵𝐵𝑥𝑥𝑥𝑥
𝐽𝐽𝑥𝑥
0 0 � 𝒒𝒒̇ + � 0
0 𝐵𝐵𝑧𝑧
𝐽𝐽𝑥𝑥𝑥𝑥

� 𝝉𝝉 =

�(𝜑𝜑)𝑑𝑑𝑑𝑑
𝝉𝝉𝐾𝐾 = � 𝑑𝑑𝑑𝑑(𝜑𝜑)𝜃𝜃(𝜑𝜑)𝒖𝒖

𝜋𝜋 𝐾𝐾0 − 𝛼𝛼1
� 0
2
𝛽𝛽

0 𝐾𝐾𝑥𝑥𝑥𝑥
0 0 � 𝒒𝒒
0 𝐾𝐾𝑧𝑧

Next, this impedance model is added to the equation of
motion of the ankle, which accounts for external torques and
the inertia of the foot. From the angular momentum around the
foot ankle:

2𝜋𝜋

=

𝜕𝜕𝜏𝜏′
𝐾𝐾 (𝑞𝑞′)
𝜕𝜕𝜕𝜕′

(11)
𝐾𝐾𝑧𝑧 − 𝐾𝐾𝑥𝑥
𝐾𝐾𝑧𝑧 + 𝐾𝐾𝑥𝑥
𝐾𝐾(𝜑𝜑) =
𝑐𝑐𝑐𝑐𝑐𝑐2𝜑𝜑 +
+ 𝐾𝐾𝑥𝑥𝑥𝑥 𝑠𝑠𝑠𝑠𝑠𝑠2𝜑𝜑
2
2
Equation (11) shows that even though the stiffness of the
infinitesimal springs could take an arbitrary shape, the net
stiffness is constrained to a Fourier series of 1st order, with
three free parameters, 𝐾𝐾𝑥𝑥 , 𝐾𝐾𝑥𝑥𝑥𝑥 , and 𝐾𝐾𝑧𝑧 .

The net torque on the ankle is the sum of the torques from
all the infinitesimal springs:
0

(10)

𝐾𝐾 − 𝐾𝐾𝑥𝑥
𝐾𝐾 + 𝐾𝐾𝑥𝑥
𝜏𝜏′𝐾𝐾 = 𝑞𝑞′ � 𝑧𝑧
𝑐𝑐𝑐𝑐𝑐𝑐2𝜑𝜑 + 𝑧𝑧
+ 𝐾𝐾𝑥𝑥𝑥𝑥 𝑠𝑠𝑠𝑠𝑠𝑠2𝜑𝜑�
2
2

(6)

where 𝐾𝐾0 , 𝛼𝛼𝑖𝑖 , and 𝛽𝛽𝑖𝑖 are the coefficients of the series. The
angle displacement, 𝜃𝜃(𝜑𝜑), of each infinitesimal spring
�(𝜑𝜑):
generates a torque in an axis, 𝒖𝒖

𝜃𝜃(𝜑𝜑) = 𝑞𝑞𝑥𝑥 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑞𝑞𝑧𝑧 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

evaluation. In addition, (9) demonstrates that an anisotropic
ankle impedance can generate a reaction torque in a different
direction than the axis of ankle rotation due to the 𝐾𝐾𝑥𝑥𝑥𝑥
component.

and 𝐾𝐾𝑥𝑥𝑥𝑥 = 𝛽𝛽1 . Note that the Fourier series coefficients for
2
higher-order components were canceled in the integral

𝒔𝒔̈ 0 = 𝒔𝒔̈ + 𝝎𝝎̇ × 𝒓𝒓 + 𝝎𝝎 × (𝝎𝝎 × 𝒓𝒓)

(14)

where 𝝉𝝉 is the external torque acting on the ankle. The
kinematic variables 𝒔𝒔̇ , 𝒔𝒔̈ , 𝝎𝝎, and 𝝎𝝎̇ are the linear velocity,
linear acceleration, angular velocity, and angular acceleration
of the foot, respectively. The inertial parameters 𝑚𝑚, 𝒓𝒓, and 𝐼𝐼
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are the mass, CoM vector, and moment of inertia tensor of the
foot, respectively.

effects of the high-frequency sensor noise and the lowfrequency human motion artifacts.

Equation (13) is reshaped to a matrix form to separate the
impedance parameters in a column vector. The Y component
of the torque was removed because the Vibrating Platform
does not actuate in this direction.

To test the accuracy of the model in reconstructing the
external torque in (15), the Variance Accounted For (VAF) of
the torque in IE and DP directions was calculated within the 2second window:

𝑞𝑞𝑥𝑥
⎡ 𝑞𝑞
⎢ 𝑧𝑧
0
⎢
𝑞𝑞̇
⎢ 𝑥𝑥
⎢ 𝑞𝑞̇ 𝑧𝑧
⎢0
⎢ 𝑞𝑞̈ 𝑥𝑥
𝜏𝜏𝑥𝑥
�𝜏𝜏 � = ⎢ 𝑞𝑞̈ 𝑧𝑧
𝑧𝑧
⎢0
⎢𝜔𝜔̇ 𝑥𝑥
⎢ 𝑠𝑠̈
⎢ 𝑦𝑦
⎢ 𝑠𝑠̈𝑧𝑧
⎢0
⎢0
⎣0

0 𝑇𝑇 𝐾𝐾𝑥𝑥
𝑞𝑞𝑥𝑥 ⎤ ⎡𝐾𝐾𝑥𝑥𝑥𝑥 ⎤
⎥
𝑞𝑞𝑧𝑧 ⎢ 𝐾𝐾𝑧𝑧 ⎥
⎥
𝐾𝐾𝑥𝑥
0 ⎥ ⎢ 𝐵𝐵𝑥𝑥 ⎥
⎡𝐾𝐾 ⎤
⎢ ⎥
𝑞𝑞̇ 𝑥𝑥 ⎥ ⎢𝐵𝐵𝑥𝑥𝑥𝑥 ⎥
⎢ 𝑥𝑥𝑥𝑥 ⎥
𝐾𝐾
𝑞𝑞̇ 𝑧𝑧 ⎥ ⎢ 𝐵𝐵𝑧𝑧 ⎥
⎢ 𝑧𝑧 ⎥
0 ⎥ ⎢ 𝐽𝐽𝑥𝑥 ⎥
⎢ 𝐵𝐵𝑥𝑥 ⎥
⎥
𝑞𝑞̈ 𝑥𝑥 ⎢ 𝐽𝐽𝑥𝑥𝑥𝑥 ⎥ = 𝔸𝔸 ⎢𝐵𝐵𝑥𝑥𝑥𝑥 ⎥
⎢ 𝐵𝐵𝑧𝑧 ⎥
𝑞𝑞̈ 𝑧𝑧 ⎥ ⎢ 𝐽𝐽𝑧𝑧 ⎥
⎢
⎥
⎢ 𝐽𝐽𝑥𝑥 ⎥
⎥
0
𝐶𝐶1
⎢
⎥
⎢ 𝐽𝐽𝑥𝑥𝑥𝑥 ⎥
⎥
0
𝐶𝐶
⎢ 𝐽𝐽𝑧𝑧 ⎥
⎥ ⎢ 2⎥
0 ⎥ ⎢ 𝐶𝐶3 ⎥
⎣ 𝑪𝑪 ⎦
𝜔𝜔̇ 𝑧𝑧 ⎥ ⎢ 𝐶𝐶4 ⎥
𝑠𝑠̈𝑥𝑥 ⎥ ⎢ 𝐶𝐶5 ⎥
𝑠𝑠̈𝑦𝑦 ⎦ ⎣ 𝐶𝐶6 ⎦

𝑉𝑉𝑉𝑉𝐹𝐹𝑦𝑦�[𝑡𝑡𝑖𝑖 ] = 1 −

(17)

where 𝑦𝑦 and 𝑦𝑦� are the reference and estimated signals,
respectively. The operator [𝑡𝑡𝑖𝑖−𝑁𝑁:𝑖𝑖+𝑁𝑁 ] represents a timesequence from the time instant 𝑡𝑡𝑖𝑖−𝑁𝑁 to 𝑡𝑡𝑖𝑖+𝑁𝑁 .

(15)

where, for brevity, 𝔸𝔸 is the matrix of the kinematic signals and
𝑪𝑪 is the vector of the regression coefficients from the foot
inertia, 𝐶𝐶1 to 𝐶𝐶6 . Analyses about the 𝑪𝑪 vector were not
reported because this vector represents the physical inertia of
the foot, which might be better estimated by other methods
such as 3D scanning [22]. The impedance coefficients of the
directional model are 𝐾𝐾𝑥𝑥 , 𝐾𝐾𝑥𝑥𝑥𝑥 , 𝐾𝐾𝑧𝑧 , 𝐵𝐵𝑥𝑥 , 𝐵𝐵𝑥𝑥𝑥𝑥 , 𝐵𝐵𝑧𝑧 , 𝐽𝐽𝑥𝑥 , 𝐽𝐽𝑥𝑥𝑥𝑥 , and 𝐽𝐽𝑧𝑧 .
The X and Z subscript represents the variables in the IE and
DP directions, respectively, while the XZ variables represent
the cross-axis relationship between the DP and IE axes.
The coefficients of the impedance model were calculated to
best fit the experimental data to (15) via Least Square
regression. The varying impedance was identified at each time
𝑡𝑡𝑖𝑖 within a rolling time-window centered at time 𝑡𝑡𝑖𝑖 (16). The
window contained 701 samples (𝑁𝑁 = 300) to include 2
seconds of measurements. In addition, the angle and torque
best-fit lines were removed within each window to reduce the
effects of human motion artifacts. The impedance calculated
from this model is referred to as identified impedance.
𝐾𝐾𝑥𝑥 [𝑡𝑡𝑖𝑖 ]
⎡
⎤
𝐾𝐾𝑥𝑥𝑥𝑥 [𝑡𝑡𝑖𝑖 ]
⎢
⎥
𝜏𝜏𝑥𝑥 [𝑡𝑡𝑖𝑖−𝑁𝑁 ]
⎡
⎤
⎢ 𝐾𝐾𝑧𝑧 [𝑡𝑡𝑖𝑖 ]⎥
𝜏𝜏𝑧𝑧 [𝑡𝑡𝑖𝑖−𝑁𝑁 ]
⎢
⎥
𝔸𝔸[𝑡𝑡𝑖𝑖−𝑁𝑁 ]
⎢ 𝐵𝐵𝑥𝑥 [𝑡𝑡𝑖𝑖 ]⎥
⎢𝜏𝜏𝑥𝑥 [𝑡𝑡𝑖𝑖−𝑁𝑁+1 ]⎥
𝔸𝔸[𝑡𝑡𝑖𝑖−𝑁𝑁+1 ] ⎢ 𝐵𝐵𝑥𝑥𝑥𝑥 [𝑡𝑡𝑖𝑖 ]⎥
�⎢
⎢𝜏𝜏𝑧𝑧 [𝑡𝑡𝑖𝑖−𝑁𝑁+1 ] ⎥ = �⋮
𝐵𝐵𝑧𝑧 [𝑡𝑡𝑖𝑖 ]⎥
⎢ 𝐽𝐽 [𝑡𝑡 ]⎥
⎢⋮
⎥
𝔸𝔸[𝑡𝑡𝑖𝑖+𝑁𝑁 ]
⎢ 𝑥𝑥 𝑖𝑖 ⎥
⎢𝜏𝜏𝑥𝑥 [𝑡𝑡𝑖𝑖+𝑁𝑁 ] ⎥
⎢ 𝐽𝐽𝑥𝑥𝑥𝑥 [𝑡𝑡𝑖𝑖 ]⎥
⎣𝜏𝜏𝑧𝑧 [𝑡𝑡𝑖𝑖+𝑁𝑁 ] ⎦
⎢ 𝐽𝐽𝑧𝑧 [𝑡𝑡𝑖𝑖 ]⎥
⎣ 𝑪𝑪[𝑡𝑡𝑖𝑖 ]⎦

𝑣𝑣𝑣𝑣𝑣𝑣(𝑦𝑦[𝑡𝑡𝑖𝑖−𝑁𝑁:𝑖𝑖+𝑁𝑁 ] − 𝑦𝑦�[𝑡𝑡𝑖𝑖−𝑁𝑁:𝑖𝑖+𝑁𝑁 ])
𝑣𝑣𝑣𝑣𝑣𝑣(𝑦𝑦[𝑡𝑡𝑖𝑖−𝑁𝑁:𝑖𝑖+𝑁𝑁 ])

E. Explaining the Time-Varying Mechanical Impedance
To verify that the variations of the identified impedance
across and within the trials are caused by changes of the ankle
states rather than a bias error of the system identification
method, a regression model was developed to explain the
impedance variation as a function of the muscle activity, mean
ankle angles, and mean torques. The impedance calculated
from this regression model is referred to as correlated
impedance.

A regression model was developed for each subject and for
all nine impedance parameters using the following ten
predictor variables: DP, IE, and EI mean ankle angles and
torques, and TA, PL, SOL, and GA muscle contractions via
EMG. The regression model was a Least Square model with
quadratic terms, which contains an intercept term, linear and
squared terms for each predictor, and all products of pairs of
predictors. The muscle contraction predictors were calculated
as the moving Median Absolute Deviation (MAD) of the four
EMG measurements in a 2-second window. In addition, the
predictors and the response were low-pass filtered (finite
impulse response based on a Hamming window, 200th order,
1 Hz cutoff) to explain the impedance variations of lowfrequencies rather than of higher frequencies.
The regression model was trained and validated using 90%
and 10% of the samples across all ten trials, respectively. The
validation consisted of calculating the Mean Absolute Error
(MAE) of the impedance parameter using all available
samples from the validation set. The impedance MAE was
calculated with the validation dataset to verify that the model
did not over-fit to the training set.
III. RESULTS

(16)

where 2𝑁𝑁 + 1 is the window length, and the operator [𝑡𝑡𝑗𝑗 ]
represents a signal at the time 𝑡𝑡𝑗𝑗 .

The time derivatives were calculated with a SarvitzkyGolay filter [21] with a 15-sample window and a 5th order
polynomial. In addition, the signals were bandpass filtered
(finite impulse response based on a Hamming window, 100th
order, passband from 3 to 20 Hz). The later filter reduces the

A. Vibrating Platform Dynamics
The inertial parameters of the force plate were determined
prior to each experiment for all subject. The average and
standard deviation of parameters and VAF were calculated
across the twelve calibration tests. The moment of inertia,
product of inertia, and CoM was [38.9 ± 0.5, 145.9 ± 1.1,
122.4 ± 0.9]T g.m2, [5.0 ± 0.5, -0.7 ± 0.3, 0.1 ± 0.5]T g.m2, and
[-2.9 ± 1.2, -16.2 ± 1.1, 4.9 ± 0.8] mm, respectively. The
VAFs of the torque and force were substantially high, at [97.7
± 0.5, 96.3 ± 0.9, 98.3 ± 0.4] % and [96.0 ± 0.6, 84.2 ± 2.3,
98.2 ± 0.4] %, respectively.
The estimated inertia parameters were similar to that of a
box with equivalent mass and shape, which have a moment of
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Fig. 2. Directional impedance as a function of the rotation direction and contraction levels of the TA muscle for a representative subject. (a)
Stiffness, (b) damping, and (c) inertia parameters. The average (solid lines) and standard deviation (shaded region) of the identified impedance was
calculated across trial. Dorsiflexion, inversion, plantarflexion, and eversion angles are represented by 0°, 90°, 180°, and 270°, respectively.

inertia, product of inertia, and CoM of [34.8, 131.2, 97.0]T
g.m2, 0.0 g.m2, and [0, -14.4, 0] mm, respectively. This
similarity indicates the mass distribution inside the force plate
is fairly homogeneous. The VAF of the Y-axis force was
lower than the other signals likely because the Vibrating
Platform does not have an actuated translation in the up-down
direction; thus, it has a lower signal to noise ratio on this
direction. The high VAF, the small variance of the estimated
inertial parameters and its similarity to the inertial parameters
of a box indicate the parameter estimation was accurate,
allowing for an unbiased characterization of the human ankle.
B. Summary of the Ankle Impedance Characteristics
The ankle stiffness was larger along DP than along IE
directions and resembled a “peanut” shape with a counterclockwise rotation by around 0-30° (along dorsi-inversion).
In addition, there was a higher modulation along the DP
direction (Fig. 2), which is consistent with non-weight
bearing ankle studied by Lee et al. [7], [8]. The magnitude of
the identified standing ankle stiffness in this work was
substantially larger (passive stiffness of 91.1±42.4 and
158.4±80.0 Nm/rad for IE and DP, respectively) when
compared the non-weight bearing studies in [7], [8] (stiffness
for 10% MVC SOL contraction was 13.7 and 45.3 Nm/rad,
for IE and DP, respectively). In fact, the range of the identified
stiffness and damping during standing were more similar to
the results reported by Rouse et al [23], in which the
impedance was estimated during walking.
In addition, in this work the stiffness increase 1.3 and 2
times, in IE and DP, respectively (between the passive and
30% MVC trials), while Lee et al. reported higher

modulation, increasing up to 5 and 9 times the value stiffness
in IE and DP, respectively. This work also found that the
damping increased 1.8 and 1.3 times; and the inertia increased
2.9 and 1.1 times, for DP and IE, respectively. The damping
and inertia parameters showed a relatively lower inclination
of the major axis. This can be verified by the crosscomponents (XZ) parameters closer to zero, relative to the X
and Z components. This trend was observed for all trials,
regardless of the heading of the subject. This indicates that the
experimental apparatus did not substantially affect the
behavior of the ankle.
For each subject, the identified ankle impedance was
averaged across each trial, then averaged within trials of the
same muscle contraction level. The mean and standard
deviation across subjects of the mass-normalized impedance
is presented in Table I. The average VAF for DP and IE torque
across subjects and trials were 94.0±3.2% and 95.7±2.8%,
respectively.
C. Varying Ankle Impedance
The identified and correlated stiffness values from a
representative subject are shown in Fig. 3. The results from
different trials were concatenated and separated by the dotted
black lines. The MAE of the correlated impedance was
0.10±0.01, 0.08±0.02, 0.18±0.05, 1.44±0.30, 0.84±0.27,
1.77±0.52, 0.06±0.02, 0.02±0.00, 0.09±0.02 for Kx, Kxz, Kz,
Bx, Bxz, Bz, Jx, Jxz, and Jz, respectively (average and standard
deviation calculated across subjects, and normalized by
subject mass); where the units for stiffness, damping, and
inertia are in N.m/(rad.kg), N.m.s/(rad.kg), and
N.m.s2/(rad.kg), respectively. The ranges of impedance
variations can be observed in Table I.

TABLE I. MECHANICAL IMPEDANCE OF THE ANKLE GROUPED BY TA MUSCLE CONTRACTION LEVEL. THE IDENTIFIED
IMPEDANCE WAS NORMALIZED BY THE SUBJECT MASS, THEN AVERAGED ACROSS SUBJECTS.
K [(N m)/(rad kg)]

B [(N m s)/(rad kg)] × 10-3

J [(N m s2)/(rad kg)] × 10-3

TA %
MVC

X

XZ

Z

X

XZ

Z

X

XZ

Z

0

1.00 ± 0.37

0.18 ± 0.11

1.74 ± 0.74

1.75 ± 3.46

-0.22 ± 2.05

7.30 ± 3.03

0.25 ± 0.15

-0.02 ± 0.03

0.13 ± 0.19

10

1.28 ± 0.44

0.24 ± 0.13

2.56 ± 0.93

3.34 ± 3.38

-0.42 ± 2.14

10.38 ± 3.72

0.29 ± 0.13

-0.02 ± 0.03

0.32 ± 0.20

20

1.24 ± 0.49

0.28 ± 0.17

2.98 ± 1.03

3.03 ± 3.48

-0.29 ± 1.74

11.73 ± 4.21

0.29 ± 0.14

-0.01 ± 0.04

0.31 ± 0.15

30

1.33 ± 0.43

0.45 ± 0.22

3.75 ± 1.04

3.27 ± 3.70

-0.25 ± 2.30

13.73 ± 4.58

0.31 ± 0.14

0.00 ± 0.04

0.42 ± 0.14

40

1.50 ± 0.51

0.58 ± 0.22

4.32 ± 1.35

3.45 ± 3.54

-0.02 ± 1.62

17.04 ± 5.77

0.29 ± 0.19

0.01 ± 0.03

0.58 ± 0.22
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Fig. 3. Identified and correlated ankle stiffness of a representative subject
varying within and between trials. The vertical dotted lines separate trials
0%, 10%, 20%, 30%, and 40% MVC, in order.

IV. DISCUSSION
A. Directional Ankle Impedance
The ankle impedance showed a high direction-dependency,
particularly for the stiffness component. In addition, the
cross-axis component was considerable for the stiffness and
at higher muscle contraction levels, differently from reported
results for the non-loaded ankle [24]. This cross-axis
component is responsible for the coupling between the IE and
DP anatomical axes, i.e. generating torque in one axis in
response to an angle disturbance in the other axis. This
behavior can be explained by the muscles in the calf that
contribute to motion simultaneously to both the DP and IE
directions. Further clinical trials can determine the
importance of this coupling for the stability of the ankle.
Possible applications of this finding include a new
prosthesis controller design for two active DOF of the ankle.
Further demonstration of the benefits of coupled axes for the
human gait, may be incorporated into the design of prostheses
with an extra degree of freedom of motion in IE (possibly
active as in [2]) to emulate the anthropomorphic behavior of
the ankle.
B. Varying Ankle Impedance
To verify that the variations of the identified impedance are
caused by the changes in the ankle states rather than by errors
of the system identification method, a regression model
related the impedance variation to the muscle activity, mean
ankle angles, and mean ankle torques. The response of this
regression model, named correlated impedance, was
compared to the impedance obtained from the system
identification method, named identified impedance. The low
MAE of each impedance parameter indicated that the changes
of muscle activity and ankle kinetics are correlated to the
changes in the impedance, suggesting that the observed
varying impedance is in fact a response modulated by the
subjects, or an effect of fatigue, which can be predicted via
EMG signals. Although lower values of MAE were observed
in X and XZ components, the Z components varied more
substantially across trials (Table I). The lower modulation of
IE impedance parameters was also verified in other studies
[7], [8].
Note that the angles and torques used for the impedance
identification were band-pass filtered between 3 to 20 Hz,
while the mean angles and torques used for the impedance
prediction were low-pass filtered at 1 Hz. Thus, any noise
signal propagated from the kinematic data to the identified
impedance could not be propagated from the predictors to the
correlated impedance. Therefore, the correlated noise in both
the identified and correlated impedance is greatly reduced,

which avoids overestimating the fitness between these two
signals. In addition, the calculation of the MAE did not
include data samples used for training the correlated
impedance model. The low MAE low indicates the model can
generalize well to new data, within the ankle conditions of our
experimental protocol.
Another possible explanation of the impedance changes in
DP and its stiffness components is that these parameters might
respond more similarly to a quadratic model than the other
parameters. Previous work predicted the ankle impedance
from muscle activity using more general models such as
Artificial Neural Networks [11], [12], and Gaussian Process
Regression models [10]. However, they did not include the
ankle angles and ankle torque as the model predictors, which
are also relevant variables for impedance modulation [15],
[16]. Future work will focus on parameterizing the impedance
prediction model using more general models, such as Deep
Neural Network, and further use this model to predict the
impedance modulation during other ADLs, such as walking
or running.
C. Limitations
This study has some limitations. First, our subject
population was restricted to young males. However, the
stiffness is significantly larger in males than in females [25]
and the amputee population is substantially older, with 42%
of them older than 65 years [26]. Second, our experimental
protocol required subjects to control only the TA muscle,
while the SOL, PL, and GA were monitored. We opted for
this protocol because the subjects could not easily control all
four muscles while standing balanced. Finally, even though
the subjects could rest between trials, our trial durations of 70
seconds could have fatigued the muscles of some subjects and
affected our reported impedance results.
V. CONCLUSION
This paper derived a mathematical equation for the
directional ankle impedance and identified the parameters of
the model using experimental data. The model included a
term that coupled the IE and DP anatomical axes of the ankle.
The stiffness changed by a factor of 1.3 and 2.0 as the muscle
activity increased by 30% of the MVC. In addition, the
variations of the impedance parameters were explained by
changes in the ankle states, which included the mean angle,
mean torque, and muscle activity in a single model. The
impedance model proposed in this paper presented a high
agreement with the experimental data, inferring the ankle
torque reaction with subject average VAF above 94%.
As for the application, this work demonstrated theoretically
and experimentally that future work identifying the ankle
dynamics could account for the interaction between different
anatomical axes of the ankle. This work also has implications
in new prostheses controller design, which could incorporate
a coupling between the control loops of the IE and DP axes.
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