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Abstract—Data-driven modeling frameworks that adopt
sparse regression techniques, such as sparse identification of
nonlinear dynamics (SINDy) and its modifications, are developed to resolve difficulties in extracting underlying dynamics
from experimental data. In contrast to neural-network-based
methods, these methods are designed to obtain white-box analytical models. In this work, we incorporate the concept of SINDy
and knowledge in the field of classical mechanics to identify
interpretable and sparse expressions of total energy and the
Lagrangian that shelters the hidden dynamics. Moreover, our
method (hereafter referred as Lagrangian-SINDy) is developed
to use knowledge of simple systems that form the system
being analyzed to ensure the likelihood of correct results and
to improve the learning pace. Lagrangian-SINDy is highly
accurate in discovering interpretable dynamics via energyrelated physical quantities. Its performance is validated with
three popular multi-DOF nonlinear dynamical systems, namely
the spherical pendulum, double pendulum and cart-pendulum
system. Comparisons with other SINDy-based methods are
made and Lagrangian-SINDy is found to provide the most
compact analytical models.
Index Terms—Dynamics, Calibration and Identification Dynamics, Model Learning for Control

I. I NTRODUCTION AND RELATED WORKS

M

ANKIND’S understanding of laws underlying physical phenomena has resulted in achievements in various
fields and especially in physics, from Newtonian mechanics
to the theory of relativity. A knowledge of natural laws provides not only an accurate relation between cause and effect
but also the possibility of prediction in unseen situations.
Machine learning [1] and big data [2]—two modern datadriven techniques of finding meaningful relations in an abundance of data—have inspired scientists to create artificial
intelligence that is comparable to the intelligence of humans
in several tasks; for example, classification and labeling.
However, there is a huge gap between a machine and a human
in terms of adaptability, flexibility and learning pace.
Playing with a cup-and-ball toy is an example of numerous
tasks for which humans show a profound understanding of
physical phenomena and a wonderful ability of predicting
transitions. The toy comprises a rod with a cup attached to
one end and a pendulum comprising a mass and a string, and
the task is to swing the mass such that it falls into the cup.
The majority of people can swing the mass higher than the
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cup in first trials and successfully complete the task after a
short time. Apparently, this progress is not simply fortuitous;
that is, people understand the physics of the pendulum to a
certain extent and they use that knowledge to understand a
more complex system. The main motivation of the present
work is the design of machines that understand physical
laws autonomously and use known phenomena to effectively
accelerate learning.
Many efforts have been made to tackle the task of autonomously learning physical laws. Machine learning models
(e.g., neural networks), which are frequently black boxes [3],
are used to find relations between input and output, yet do
not provide much insight into how the relations are formed.
Interpretable models, in contrast to black boxes, are more
desirable thanks to their ability to provide causal connections,
especially in new situations where data availability is limited.
Remarkable progress was made by [4] in terms of showing
that it is possible to distill natural laws from experimental
data. That work employed symbolic regression to find a
model that is sufficiently accurate while maintaining reasonable model complexity. Furthermore, it was hinted that the
learning rate improves if laws of a simpler system are used
to bootstrap the learning process.
Recent works [5], [6] made notable progress in terms of
making neural network models more transparent. A shallow
neural network made of explicit linear and nonlinear neurons
was shown to be capable of modeling complex functions in
an interpretable manner.
Sparse identification of nonlinear dynamics [7] (SINDy)
emerged as an effective method of finding underlying dynamics. This method models dynamics by forming a linear
combination of nonlinear basis functions and adopts a sparse
regression technique to accomplish the same goal as that
achieved in [4]. Many modifications of SINDy have been proposed; e.g., SINDy-PDE [8], SINDy-c [9], implicit-SINDy
[10], and abrupt-SINDy [11].
Koopman reduced-order nonlinear identification and control (KRONIC) [12]—which is based on SINDy—is able to
identify conservation laws [13]. Invariants are fundamental
principles for most physical systems [4], [13]. They not only
indicate constraints on motions but also provide clues for
estimating and predicting the evolution of a system. One
of the most important quantities is energy, as it allows the
reformulation of classical mechanics [14].
In the present work, we propose a method based on SINDy
and KRONIC that more efficiently realizes the discovery of

interpretable dynamics via the Hamiltonian and Lagrangian
(summarized in Fig. 1). The main contributions of this work
are:
1) development of a scheme based on KRONIC that finds
energy in a system having multiple degrees of freedom
(DOFs) using prior knowledge of energy in simpler
systems,
2) development of a method of finding the Lagrangian
from the total energy and experimental data, and
3) demonstration of the effectiveness of LagrangianSINDy in popular physical systems.
Section II introduces how we use basic ideas of related
works and our development. Section III presents results of
experiments conducted on several physical systems. Section
IV gives closing remarks.
II. M ETHOD
A. Learning energy in a multi-DOF system using prior
knowledge of energy in simple systems
Following the concept of SINDy that a function can be
presented as a linear combination of nonlinear terms, the
total energy of a system (i.e., the sum of kinetic energy and
potential energy) is constructed as the sum of various terms
such that each term is a function of state. Using a vector x(t)
to represent the state at time t, the total energy of the system
is expressed as
TotalEnergy =

p
X

θk (x(t))ξk ,

(1)

k=1

where Θ(x) = [θ1 (x(t)) θ2 (x(t)) · · · θp (x(t))] is the library
of candidate functions and ξ = [ξ1 ξ2 · · · ξp ] is the vector
of coefficients. To solve (1), data are collected at times
t1 , t2 , · · · , tm . A matrix containing the time history of the
state is formed as X = [x(t1 ) x(t2 )...x(tm )], and its derivative Ẋ = [ẋ(t1 ) ẋ(t2 ) · · · ẋ(tm )] can be either measured
directly or approximated numerically [7]. Once a data matrix
Θ(X) = [θ 1 (XT ) θ 2 (XT )...θ p (XT )] is generated, (1) is
further developed (denoting the vector of energy at times
that data were collected as E) as
E = Θ(X)ξ.

(2)

In the next step, by following the process of KRONIC,
we construct Γ(X, Ẋ)—the time-derivative matrix of Θ(X).
Each column of Γ(X, Ẋ) is calculated using the chain rule
and represents the time derivative of a basis function that
Θ(X) contains. The calculation is summarized as
Γ(X, Ẋ) = [∇θ 1 (XT ) · Ẋ ∇θ 2 (XT ) · Ẋ · · · ∇θ p (XT ) · Ẋ].
(3)
It is logical to exclude all constant functions in Θ(X) as
they eventually give several columns of zeros in Γ(X, Ẋ),
which are meaningless. A vector denoting the time derivative
of the energy dE
dt is formulated by Γ(X, Ẋ) and ξ:
Γ(X, Ẋ)ξ =

dE
.
dt

(4)

In a mechanical system, the rate of energy being supplied
or withdrawn is a crucial factor that is usually measurable
or controllable. Some control signals (e.g., a force or torque)
directly affect how the total energy of a system varies over
time, while others require further calculation to unveil their
relations to energy. In this work, we assume that data on how
the total energy changes dE
dt are available.
If no energy is supplied or withdrawn (i.e., the right-hand
side of (4) is a vector of zeros), then ξ is in the null space
of Γ(X, Ẋ) and it is thus possible to obtain by adopting singular value decomposition [15]. If the total energy changes,
regression techniques (e.g., least-square regression) can be
used to solve for ξ. Other sparse regression techniques (e.g.,
Ridge [16], Lasso [17]) can be used for a sparse result.
However, current sparse regression techniques face certain
difficulty when the number of candidate functions p is large
and especially when candidate functions contain trigonometric functions. To ensure a sparse and accurate solution, we
propose a trial-and-error method in which we denote the
maximum number of meaningful terms by k (which is small
compared with p) and perform a search over all possible
combinations of k terms in the domain of p terms.
We here aim to incorporate prior knowledge of simple
systems that form the complex system. Denoting the total
energy of an element in the system as Ei , the total energy
of
P
the whole system is the sum of all elements: E = i Ei . It
is therefore reasonable to assume that the candidate functions
that appear in constituents do appear in the combination. If
h terms
 can be retained, the number of trials decreases to
p−h
k−h .
Our challenge is now to solve (4) for a reduced Γ(X, Ẋ)
(written as Γr (X, Ẋ)) and to select the best match(es) by
comparing the L2 -norm to a threshold:
Γr (X, Ẋ)ξ −

dE
dt

2

< threshold.

(5)

In the case of a passive system, the trivial solution ξ = 0
2
should be avoided. Therefore, an additional condition kξk >
threshold should be applied.
B. Finding the Lagrangian from learned energy
Under certain conditions that generalized coordinates do
not have an explicit time dependency and forces are derivable
from a conservative potential, the total energy and Hamiltonian coincide [14]. Generally, for popular mechanical systems
in the field of robotics, these conditions are satisfied if the
effect of friction is neglected. We further discuss this issue in
section II-D. Henceforth, the total energy is referred as the
Hamiltonian.
In classical mechanics, a Hamiltonian function H(q, p)
is constructed from the Legendre transformation of a Lagrangian function L(q, q̇) as
H(q, p) = q̇p − L(q, q̇),

(6)

where canonical coordinates are denoted q and canonical mo∂L T
∂L
menta are denoted p = [p1 p2 · · · pn ]T = [ ∂∂L
q̇1 ∂ q̇2 · · · ∂ q̇n ] .
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Fig. 1. Block diagram showing the learning of energy in a multi-DOF system using prior knowledge of energy in simple systems and finding the Lagrangian
from the learned energy. Our main contributions are incorporating knowledge to generate a set of Γr in the third step and finding the Lagrangian.

The aforementioned process suggests that once a Lagrangian is known, the corresponding Hamiltonian can be
constructed. We propose a method of performing the reverse
process; i.e., extracting a Lagrangian from a known Hamiltonian.
Because both the Lagrangian and Hamiltonian are formed
from kinetic energy and potential energy, it is possible
to assume that the candidate functions used to build the
Hamiltonian are sufficient to represent the corresponding
Lagrangian. The library of nonlinear terms used for modeling
the total energy Θ(X) is therefore reused, and the Lagrangian
is characterized as Θ(X)ξ L . The Legendre transformation in
(6) is rewritten as
n
X
Θ(X)ξ = (
q˙i Θq˙i (X) − Θ(X))ξ L ,

(7)
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Fig. 2. Three dynamical systems. From left to right: the cart-pendulum
system, double pendulum and spherical pendulum. In all systems, the length
of the rod is L = 1.0m and gravitational acceleration is g = 9.8m/s2 .
Cart-pendulum system: mc = 1.0kg, mp = 0.1kg, and the actuation is
a force acting on mc . Double pendulum: m1 = 1.0kg, m2 = 1.0kg,
and the actuation is a moment acting on the first link. Spherical pendulum:
m = 1.0kg, and the actuation is a moment on the xy-plane.

i=1

T

T

∂θ (XT )

) ∂θ 2 (X )
· · · p∂ q̇i ]. Solving
where Θq̇i (X) = [ ∂θ1∂(X
q̇i
∂ q̇i
this linear equation yields ξ L , and the Lagrangian can thus
be effectively constructed.

C. Scaling in a passive system
If no energy is supplied or withdrawn from a system, the
total energy should stay constant. Thus, the solution to (4)
gives ξ with which to construct E as in (2) such that dE
dt = 0.
It is clear that if E is modified by a constant multiplication
factor k, the constraint dE
dt = 0 still holds. Therefore, an
additional step is required to discover the scaling factor and
find the true formula of energy.
We suggest using additional data captured in a short time
interval (even at only one time is sufficient in some cases)
when actuation is available. In that case, we have access to

non-zero dE
dt , and the true vector of coefficients ξ true = kξ
should thus be a solution of (4). k is the only unknown value,
and solving for k can therefore be done simply by linear
regression:
dE
.
(8)
Γ(X, Ẋ)(kξ) =
dt
D. Dynamical systems and experiments
We employ three idealized multi-DOF nonlinear systems
as objects for experiments. In all systems, data are sampled
at 100 Hz and gravity is the only external force. Therefore,
conditions that the Hamiltonian and total energy coincide are
satisfied.
We test actuated and passive schemes on each system. In
the actuated scheme, the system is actuated by the actuation
described in the caption of Fig. 2, which is set to 1.0N in the

TABLE I
H AMILTONIAN AND L AGRANGIAN EXTRACTED FROM SIMULATION DATA
Quantities
Hamiltonian

Lagrangian

Spherical pendulum
1
mL2 (θ̇2 + φ̇2 sin2 θ)
2
+ mgL cos θ
1
mL2 (θ̇2 + φ̇2 sin2 θ)
2
+ mgL cos θ

Hamiltoniana

0.500φ̇2 sin2 θ + 0.500θ̇2
− 9.810 cos θ

Lagrangiana

0.500φ̇2 sin2 θ + 0.500θ̇2
− 9.810 cos θ

Hamiltonianp

x

Lagrangianp

x

Physical systems
Double pendulum
1
1
2
2
(m1 + m2 )L2 θ˙1 + m2 L2 θ˙2 + m2 L2 θ˙1 θ˙2 cos (θ1 − θ2 )
2
2
− (m1 + m2 )gL cos θ1 − m2 gL cos θ2
1
1
2
2
(m1 + m2 )L2 θ˙1 + m2 L2 θ˙2 + m2 L2 θ˙1 θ˙2 cos (θ1 − θ2 )
2
2
+ (m1 + m2 )gL cos θ1 + m2 gL cos θ2
2
2
1.000θ˙1 + 0.500θ˙2 + 1.000θ˙1 θ˙2 cos θ1 cos θ2

Cart-Pendulum
1
1
(mc + mp )ẋ2 + L2 θ̇2
2
2
+ mp Lẋθ̇ cos θ − mp gL cos θ
1
1
(mc + mp )ẋ2 + L2 θ̇2
2
2
+ mp Lẋθ̇ cos θ + mp gL cos θ
0.550ẋ2 + 0.050θ̇2

+ 1.000θ˙1 θ˙2 sin θ1 sin θ2 − 19.620 cos θ1 − 9.810 cos θ2
2
2
1.000θ˙1 + 0.500θ˙2 + 1.000θ˙1 θ˙2 cos θ1 cos θ2
+ 1.000θ˙1 θ˙2 sin θ1 sin θ2 + 19.620 cos θ1 + 9.810 cos θ2
2
2
1.000θ˙1 + 0.500θ˙2 + 1.000θ˙1 θ˙2 cos θ1 cos θ2

+ 0.100θ̇ẋ cos θ − 0.981 cos θ
0.550ẋ2 + 0.050θ̇2

+ 1.000θ˙1 θ˙2 sin θ1 sin θ2 − 19.620 cos θ1 − 9.810 cos θ2
2
2
1.000θ˙1 + 0.500θ˙2 + 1.000θ˙1 θ˙2 cos θ1 cos θ2
+ 1.000θ˙1 θ˙2 sin θ1 sin θ2 + 19.620 cos θ1 + 9.810 cos θ2

+ 0.100θ̇ẋ cos θ − 0.981 cos θ
0.550ẋ2 + 0.050θ̇2

+ 0.100θ̇ẋ cos θ + 0.981 cos θ
0.550ẋ2 + 0.050θ̇2

+ 0.100θ̇ẋ cos θ + 0.981 cos θ
2
2
2
0.550ẋ2 + 0.050θ̇2
0.500
φ̇
sin
θ
+
0.500
θ̇
Hamiltonianan
x
+ 9.810 cos θ
+ 0.100θ̇ẋ cos θ − 0.981 cos θ
0.550ẋ2 + 0.050θ̇2
0.500φ̇2 sin2 θ + 0.500θ̇2
an
Lagrangian
x
− 9.810 cos θ
+ 0.100θ̇ẋ cos θ + 0.981 cos θ
a Result for the actuated scheme,p Result for the passive scheme,n Result when data are corrupted by Gaussian noiseN (µ, σ) (µ = 0, σ = 1e − 8)
All numbers are rounded to three decimal places. Parameters of the systems are written in the caption of Fig. 2

III. R ESULTS
In this section, we demonstrate that Lagrangian-SINDy
effectively finds the total energy in three test systems and
accurately obtain the Lagrangian from the energy. Both
forms and coefficients are accurately calculated, resulting
in the discovery of physical laws that are close to the true
underlying dynamics (Table I).
In addition, we reveal that our tight constraints on sparsity
give the sparsest result among the methods adopted (Fig.
3). Our results have notably good accuracy in that our
simulation using the identified equations of motion matches
the simulation using the true equations of motion (Fig. 4).

Lagrangian-SINDy

2.5

SINDy
2.28

Log(number of non-zero terms)

case of a force or 1.0Nm in the case of a moment, and data
are collected for a period of 1 s. In the passive scheme, the
actuation is set to zero and data are collected for a period of
3 s. The second trial for getting the multiplication factor of
ξ is completed in 0.1 s.
The obtained analytical form of the Lagrangian is further
processed by calculating the Euler–Lagrange equations using
Lagrange’s method in Sympy [18], to get the differential
equations that reveal the underlying dynamics. We evaluate
the results by taking the integral of these equations and
comparing with the true data. Furthermore, we use the
extracted model for swinging up the cart-pendulum system
using a controller based on model predictive control.
We test our proposed method against SINDy and KRONIC.
The tested solver in SINDy is Lasso, while in KRONIC, the
vector of coefficients ξ is the eigenvector corresponding to
the smallest eigenvalue that is calculated by singular value
decomposition.
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Fig. 3. Comparison of the resulting model complexity for three methods:
SINDy, KRONIC and Lagrangian-SINDy. Data are also compared with the
library as a reference. A lower value indicates a sparser representation.
All results are obtained using the actuated scheme for Lagrangian-SINDy
and SINDy. KRONIC is tested using the passive scheme as it searches for
conserved quantities.

A. Spherical pendulum
The state of the spherical pendulum is described as
x = [θ θ̇ φ φ̇]T . To include all nonlinear terms that sufficiently describe the Hamiltonian and Lagrangian, a library
of functions is created as all polynomial combinations of
[cos θ sin θ, θ̇ φ φ̇] up to fourth order. The initial condition
for simulation is xinit = [ π2 0 0 0.5]T .
In this experiment, no prior knowledge is used to boost
the learning process because this system is the simplest
pendulum-type system in three dimensions.
1) Actuated scheme: Additional information on how energy changes is provided to support the learning process. The
resulting Hamiltonian and Lagrangian match true values. The
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ẍ(t)

θ̈2 (t)

0
−25

0

1

2

3
Time(s)

4

5

−50

6

1

2

3
Time(s)

4

5

6

0

5
1

−2.5
3

0

θ

10
φ

0

−5

−1

−10

−2

0

2
θ1

θ̇

20

0
2

0

θ˙1

φ̇

0.0

1

2

3
Time(s)

2

40
2.5
θ̇

−0.5
0

θ˙2

−1000

0.0

2

0.2

0

0.0

ẋ
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Fig. 4. Simulation results for various models: the true model, Lagrangian-SINDy discovered model and SINDy identified model. Data are simulated in
the first 3 seconds (with no actuation), and extrapolation (exploring beyond the learning dataset) is then tested in the next 3 seconds and shown on the
right side of the boundary line. Results are shown for three systems (i.e., the spherical pendulum, double pendulum and cart-pendulum system) in terms of
acceleration (in the first and second rows) and the phase portrait (in the third row). The accuracy of our Lagrangian-SINDy over SINDy can be observed
from the plots against the simulated ground truth.

same result is recovered when data are corrupted by Gaussian
noise.
Using Lagrange’s method and considering the actuation as
u, equations of motion are obtained as
θ̈ = 1.000 cos θφ̇2 + 9.810 cos θ,
φ̈ =

1.000(u − φ̇θ̇ sin 2θ)
.
sin2 θ

(9)

Equations (9) suggest that a rational function is required
to obtain the correct physical law. However, because rational
functions are not included in the library, SINDy encounters
difficulty because it tries to build equations of motion directly
from the basis functions.
Both SINDy and Lagrangian-SINDy reveal periodic features in θ̈ and φ̈; however, our results are more accurate.
2) Passive scheme: It appears that no result can pass
our model selection filter; therefore, the passive situation is
concluded to be difficult for Lagrangian-SINDy.
B. Double pendulum
Denoting the state of the double pendulum by x =
[θ1 θ˙1 θ2 θ˙2 ]T , a library containing polynomial combinations
of [cos θ1 , sin θ1 , θ˙1 , cos θ2 , sin θ2 , θ˙2 ] with degree less than
or equal to four is built. Data are simulated for the initial
3π
T
condition xinit = [ 3π
7 0 4 0] .
If we denote a pendulum’s angle by θ, the mass by m and
the length by L, the energy is describe as E = 21 mL2 θ̇2 −
mgL cos θ. As a result, four terms cos θ1 , θ̇12 , cos θ2 , θ̇22 are

forced to appear in Γr . Two additional terms are selected
from the remaining terms in the library.
The extracted quantities do not appear to be the same as
the true physical expressions, yet match their trigonometric
expansions. These results are in fact logical, as the exact
expression of cos (θ1 − θ2 ) cannot be found because it does
not exist in the library. Instead, a quantity that is approximately equal to the expansion is built from the existing basis
functions.
The calculated equations of motion show that θ̈1 and θ̈2
are rational functions and their denominators depend on both
θ1 and θ2 . The original SINDy method, which is incapable of
finding a rational function, still performs well in estimating
both θ̈1 and θ̈2 within a horizon of approximately 1 second,
and diverges later.
In this experiment, good results are obtained for both
actuated and passive schemes. However, no result passes
our model selection under the disturbance of a low level of
Gaussian noise N (0, 10−8 ). We experimentally found that
the maximum noise level that can be managed is N (0, 10−9 ).
C. Cart-pendulum system
Similar to the two previous examples, if the state is represented as x = [θ θ̇ x ẋ]T , we construct a library by combining
polynomial features of [cos θ, sin θ, θ̇, x, ẋ] up to the degree
of three. Data are generated by computer simulation with the
initial condition xinit = [ π4 0 0 0]T .
The two terms θ̇2 and cos θ are forced to be in Γr as
they come from knowledge of a simple pendulum. Two more
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Fig. 5. Training trajectory (in two schemes) and model predictive controlled
trajectory of the cart-pendulum system in the cart’s phase portrait (left) and
the pendulum’s phase portrait (right).

terms are selected from the remaining terms in the library.
The equations of motion are calculated using Lagrange’s
method (considering the actuation as u and neglecting any
term that has a coefficient of 10−17 or smaller):
1.000(1.000u cos θ + 10.791 sin θ + 0.050 sin(2θ)θ̇2
,
0.100 cos2 θ − 1.100
(1.000u + 0.100 sin θθ̇2 + 0.490 sin(2θ)
.
ẍ =
0.100 cos2 θ − 1.100
(10)
Both SINDy and Lagrangian-SINDy perform well in tracking the physical evolution of this system. However, as the
library does not contain rational functions, the equations
generated by SINDy cannot be displayed in their exact form.
In this case, the SINDy model is not interpretable despite
having high accuracy.
We further use (10) for model predictive control [19]. From
a random initial condition, the controller successfully swings
the pole upward by pushing the cart. The force is set to have
one of three values: 10, 0 or −10N. The resulting motion
of the controlled system (shown in Fig. 5) is similar to the
results of [6].
θ̈ =

IV. D ISCUSSION AND CONCLUSION
With Lagrangian-SINDy, we demonstrate the possibility
of finding dynamics indirectly via energy-related physical
quantities. This method does not seek expressions of time
derivatives of the state and instead searches for a single
Lagrangian that shelters the hidden dynamics. Equations of
motion are later distilled by applying general knowledge in
classical mechanics.
One important factor is the construction of the library
containing nonlinear functions. A large library is more likely
to contain sufficient basis functions with which to reconstruct
physical quantities; however, the number of possible combinations increases tremendously if the library is exceedingly
large. As a result, the computational load rises and the
learning process slows. If the library is small and does not
contain the exact necessary terms, Lagrangian-SINDy may
find an approximation, in a manner similar to what was
reported in [4]; however, this does not guarantee the precision
of the eventual equations of motions.
For the three idealized systems used in the experiment,
Lagrangian-SINDy finds the Hamiltonian and the corre-

sponding Lagrangian by combining non-rational functions,
while rational functions are required to discover the true
equations of motion. Therefore, this simplification is possibly
considered an advantage over the original SINDy method. If
rational functions are included in the library, the learning
pace is potentially lowered as previously mentioned.
The sparsity constraint (i.e., k, the number of terms to
be selected from the library to build Γr ) is substantial. A
large value of k may lead to a huge number of combinations,
exponentially increasing the learning time. A small value of
k ensures sparse results and sufficiently low computational
cost; however, a problem of under-fitting may be encountered.
As [4] pointed out, knowledge from simple systems can be
used to bootstrap the learning process. However, the reason
for using knowledge from simple systems is unclear in the
cited work. In Lagrangian-SINDy, because the total energy
of a complex system is the sum of all elements’ energies,
it is straightforward to linearly combine the terms that build
up energies of the simple systems to obtain the total energy.
Reusing these terms indicates that results should be in the
form of energy and reduces the number of combinations to
be tested.
Our results indicate that additional information on how
total energy varies in time is crucial. In the case of a passive
system, energy is conserved and Lagrangian-SINDy is similar
to KRONIC in that it searches for conserved quantities and
selects the one most likely to be the total energy. In the
case of an actuated system, we search for a quantity that
varies in time equally to the change of a given quantity,
and the criterion is thus strict and more explicit. Under ideal
conditions (i.e., when noise is eliminated), results for the
spherical pendulum can be found in the actuated scheme,
while this difficulty cannot be overcome in the passive
scheme.
Noise, which almost always exists in a real system, has a
notable effect on the performance of Lagrangian-SINDy. Our
method is sensitive to noise, as we reported that the maximum
Gaussian noise level that it can handle for the spherical
pendulum and cart-pendulum system is N (0, 10−8 ), which
changes the total energy by a proportion of less than one
millionth. The main reason for this disadvantage is that noise
is amplified during the formation of Γ(X, Ẋ) owing to the
chain rule. Improving the noise robustness of LagrangianSINDy is essential for further applications to real systems,
and we leave this task as future work.
Another possible extension is implementing LagrangianSINDy on non-conservative systems. This extension is currently an arduous task because damping results in energy loss.
However, we believe that the extension is not impossible.
Eigenvectors corresponding to small eigenvalues may include
the correct solution, because they may relate to a lightly
damped system [12].
Reduced or approximate dynamical models are widely
used in practice because of the complexity of real dynamical
systems; however, an accurate model of full dynamics can

provide better precision in prediction, estimation and control.
With Lagrangian-SINDy, we hope to create machines that can
autonomously find accurate nonlinear dynamics and potentially improve tool manipulation and part interchangeability
for robots (similar to that achieved in [20] [21]). Analytical
and non-analytical approaches would support each other to
understand dynamical models with diverse perspectives.
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